The Photogravitational Restricted Three Body Problem with oblateness has been studied to obtain halo orbits around the Lagrangian points L 1 and L 2 of the Sun-Earth system in which the Sun is taken as radiating and the Earth as an oblate spheroid. The halo orbits corresponding to fourth and fifth order approximations around L 1 and L 2 for actual oblateness of the Earth and for different radiation pressures for the Sun are displayed graphically. The time period of halo orbits around L 1 decreases with increase in oblateness and increases with increase in radiation pressure. A reverse effect is observed due to increase in oblateness and radiation pressure on time period of orbits around L 2 . It is also observed that halo orbits around L 1 shifts towards the source of radiation due to increase in both radiation pressure and oblateness. However, halo orbits around L 2 shifts towards the source of radiation due to increase in radiation but recedes with increase in oblateness.
the Earth-Moon system. ISEE-3 was the first halo orbit mission. A third order approximation was introduced by Richardson (1980) to represent halo orbits in the Sun-Earth system. Tiwary and Kushvah (2015) have computed a first guess of halo orbits upto fourth order approximation using the Lindstedt-Poincaré method in the photogravitational RTBP with oblateness. In this paper we have computed halo orbits around the Lagrangian points L 1 and L 2 in the Sun-Earth system considering the Sun as radiating body and the Earth as oblate spheroid. The fourth order approximations to solutions given by (Tiwary and Kushvah 2015) have been improved incorporating fifth order approximation. The comparison of the orbits obtained by fourth and fifth order approximations are shown graphically. Equations of motion of an infinitesimal body in a synodic system are described in Section 2. Equations of motion around L 1 and L 2 and the procedure to obtain halo orbits are described in Section 3. Section 4 has discussion of effects of solar radiation pressure and oblateness on various parameters of halo orbits. In Section 5, the conclusions are given.
Equations of Motion
Consider the photogravitational CRTBP with oblateness and assume that the bigger primary, the Sun, is the source of radiation and the smaller primary, the Earth, is an oblate spheroid. The mass reduction factor q, the perturbed mean motion n and the oblateness coefficient A 2 are given as (McCuskey 1963; Sharma 1987) 
where F p is the solar radiation pressure force, F g is the gravitational attraction force, R e and R p are, respectively, the equatorial and polar radii of the smaller primary and R is the distance between the two primaries. The expression for q shows that as solar radiation pressure increases, q decreases. We use synodic coordinates with origin at the centre of mass of the primaries for describing the motion of the system. Choose the unit of length as the distance between the primaries. Let (x, y, z) be the coordinates of the infinitesimal body and (−µ, 0, 0) and (1 − µ, 0, 0) be the coordinates of the bigger and smaller primaries, respectively, in the dimensionless synodic coordinate system, where µ = m2 m1+m2 , m 1 , m 2 being the masses of the bigger and smaller primaries. The equations of motion of infinitesimal body with oblateness and solar radiation pressure are given by (Szebehely 1967; Sharma 1987; Tiwary and Kushvah 2015) x − 2nẏ = ∂Ω * ∂x ,
(1)
where Ω * = n 2 (x 2 + y 2 ) 2
and
are the distances of the infinitesimal body from the bigger and smaller primaries, respectively.
Computation of Halo orbits
Lindstedt-Poincaré method (Koon et al. 2011 ) is used to compute the halo orbits around the libration points L 1 and L 2 . It is used for solving non-linear ordinary differential equation when the regular perturbation method fails by removing secular terms and thereby converting to weakly non-linear equation with finite oscillatory solutions.
3.1 Equations of motion near L 1 and L 2
To obtain the halo orbits around the Lagrangian point the origin is shifted to the location of the Lagrangian point. Then the new coordinates are given by (Koon et al. 2011 )
where γ is the distance between the Lagrangian point and the smaller primary. In (7), upper sign corresponds to L 1 and lower sign corresponds to L 2 . The variables X, Y and Z are normalized so that the distance between the Lagrangian point and the smaller primary is 1. Using the above transformation in the equations of motion (1)-(3), we obtain
where
Expanding the nonlinear terms
2R 3 2 of (13) using Legendre polynomials , equations of motion can be written as (Koon et al. 2011; Tiwary and Kushvah 2015) 
In above equations, the left hand side contains the linear terms and the right hand side contains the nonlinear terms. The coefficients C k are given by
for k 1. Considering only linear terms in equations (14)-(16), the solution of the linearized equations is
where A 1 , A 2 , A 3 , A 4 , A 5 and A 6 are arbitrary constants,
Linearized equations corresponding to equations (14)-(16) have two real roots which are equal in magnitude and opposite in sign. If the initial conditions are chosen arbitrarily, then these roots give rise to unbounded solutions.To avoid this, we take A 1 = A 2 = 0 and A 3 = −A X cos φ, A 4 = A X sin φ, A 5 = A Z sin ψ and A 6 = A Z cos ψ and get the bounded solution in the following form: (Koon et al. 2011 )
where A X and A Z are amplitudes; λ and √ C 2 are the frequencies; k = k 2 ; φ and ψ are phases of the in-plane and out of plane motions respectively. The ratio of λ and √ C 2 is irrational. This gives Lissajous(quasi periodic) orbits.
Lindstedt-Poincaré Method for the Halo Orbits
Halo orbits are important for spacecraft mission design. Many researchers have obtained the halo orbits upto third order approximation (Richardson 1980; Howell 1984; Breakwell and Brown 1979; Koon et al. 2011; Chidambararaj and Sharma 2016; Pushparaj and Sharma 2016; Ghotekar and Sharma 2019) . Tiwary and Kushvah (2015) have computed halo orbits upto fourth order approximation with the Sun as a radiating body and the Earth as an oblate spheroid using Lindstedt-Poincaré method. Here, we have computed halo orbits upto fifth order approximation with radiation pressure and oblateness using Lindstedt-Poincaré method. The non-linear terms in (14)-(16) change the frequency of the linearized system. Due to this secular terms appear in successive approximations. To change the frequency, we take a new independent variable τ = ωt, where ω is a frequency connection. Then the equations of motion (14)-(16) in terms of τ truncated at degree 5 are:
where ∆ = λ 2 − C 2 is the frequency correction term to obtain halo orbit and ∆ = O( 2 ). The solutions of (18)-(20) are assumed in the perturbations form as (Thurman and Worfolk 1996) :
and let
Substituting the solutions (21)-(24) into equations of motion (18)-(20) and equating the coefficients of the same order of , 2 , 3 , and 4 , we obtain the first, second, third and fourth order equations, respectively (Thurman and Worfolk 1996; Tiwary and Kushvah 2015) . For obtaining more accurate solutions of the equations we have collected the coefficients of 5 and obtained the fifth order equations.
Fifth Order Equations
Collecting the coefficients of 5 and incorporating all the solutions and conditions used upto fourth order approximations (Tiwary and Kushvah 2015) , we get the fifth order equations as :
and the remaining coefficients are given in Appendix.
In f 3 , upper sign corresponds to p = 0 and lower sign corresponds to p = 2. Similarly, in f 4 , upper sign corresponds to p = 1 and lower corresponds to p = 3. The secular term can be removed from (27) if
where the upper sign corresponds to p = 0, 1 and the lower sign corresponds to p = 2, 3.
To remove the secular terms from (25) and (26), we use a single condition from their particular solution (Thurman and Worfolk 1996; Tiwary and Kushvah 2015) [
From equation (29), we get
.
Using conditions (28) and (30) in equations (25)-(27), the equations of motion take the following form:
X 5 − 2nY 5 − (n 2 + 2C 2 )X 5 = kβ 11 cos τ 1 + γ 8 cos 3τ 1 + γ 9 cos 5τ 1 ,
Z 5 + λ 2 Z 5 = δ 8 sin 3τ 1 + δ 9 sin 5τ 1 , p = 0, 2, δ 8 cos 3τ 1 + δ 9 cos 5τ 1 , p = 1, 3,
where β 11 = v 5 + 2λA X ω 4 (λk − n). The solution of equations (31)-(33) is given by
Z 5 (τ ) = k 51 sin 3τ 1 + k 52 sin 5τ 1 , p = 0, 2,
where the coefficients are given in the Appendix.
Final Approximation
Final approximation is obtained by removing from all the equations. For that we take the mapping A X → A X and A Z → A Z . Combining the solutions component wise in (21)-(23), we get (Tiwary and Kushvah 2015)
Using equations (37)-(39), we can get the first guess of halo orbits.
Discussion
The halo orbits in the photogravitational Sun-Earth system with oblateness upto fourth order approximations using Lindstedt-Poincaré method are obtained by Tiwary and Kushvah (2015) . Here, the first guess of the halo orbit in the same system is obtained upto fifth order approximation using Lindstedt-Poincaré method. Equations (37)-(39) are used with the amplitudes A X = 206000 km and A Z = 110000 km from the ISEE-3 mission.
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EDITOR: PLACE FIGURE 4 HERE. The orbits are plotted for different values of phases. Fig.1 to Fig.4 show halo orbits around L 1 for different values of q, mass reduction factor. Orbits coloured in blue represents fourth order orbits and red corresponds to fifth order orbits.
EDITOR: PLACE FIGURE 5 HERE. The effects of radiation pressure on the position of halo orbits are given in Fig.5 . Fig.5 shows the positions of halo orbits for q = 0.9995, 0.9945, 0.9895 and 0.9845 labeled as 1, 2, 3 and 4, respectively, with the actual oblateness of Earth. As radiation pressure increases, the halo orbits move towards the source of radiation. This agrees with conclusions of Eapen and Sharma (2014) .
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EDITOR: PLACE FIGURE 9 HERE. Fig.6 − 9 represent halo orbits around L 2 corresponding to mass reduction factor 0.9995, 0.9945, 0.9895 and 0.9845, respectively, with oblateness A 2 = 2.4 × 10 −12 , the obalteness of the Earth.
EDITOR: PLACE FIGURE 10 HERE. Fig.10 shows the variation in position of halo orbits due to radiation pressure. Here, the orbits labeled as 1, 2, 3 and 4 correspond to q = 0.9995, 0.9945, 0.9895, 0.9845 and oblateness is 2.4×10 −12 . Halo orbits move towards the source of radiation with the increase in radiation pressure.
EDITOR: PLACE TABLE 1 HERE.   EDITOR: PLACE TABLE 2 HERE.   EDITOR: PLACE TABLE 3 HERE.   EDITOR: PLACE TABLE 4 HERE. Table1 , Table2, Table3 and Table4 show the variation in coefficients, the position of Lagrangian points, ∆ and time period τ due to variation in radiation pressure and oblateness. ∆ = λ 2 − C 2 is the frequency correction term to obtain the halo orbits. τ is the time taken by the infinitesimal body to complete one rotation about the Lagrangian point. Table1 shows the effect of radiation pressure on parameters of orbits around L 1 . It can be observed that as the radiation pressure increases, that is, q decreases, L 1 move towards the source of radiation, the Sun. Also, the time period of orbits increase with the increase in radiation pressure. Table2 represents the effect of oblateness on various parameters of orbits around L 1 . With the increase in radiation pressure, orbits move towards the Sun and their time period is decreased. From Table3, it can be observed that due to increase in radiation pressure, the orbits around L 2 move towards the Sun and their time period is decreased. Effect of oblateness on position of orbits and time period can be observed from Table 4 . Halo orbits around L 2 move away from the source of radiation and also time period of orbits increase due to increase in oblateness. Fig.11 represents the effect of oblateness on position of L 1 . As oblateness increases, L 1 moves towards the source of radiation, the Sun. In Fig.12 , the reverse effect of oblateness is observed on the position of L 2 . That is, as oblateness increases, L 2 moves away from the Sun. Fig.13 and Fig.14 show the variation in position of L 1 and L 2 due to radiation pressure, respectively. With the increase in radiation pressure, L 1 and L 2 both move towards the Sun. The effect of radiation pressure and oblateness on time period is graphically shown in Fig.15 − 18. Time periods of halo orbits decrease with the increase in oblateness around L 1 while they increase with the increase in oblateness around L 2 . With the increase in radiation pressure, time period of orbits around L 1 increases and decreases around L 2 .
Conclusion
Photogravitational RTBP with oblateness, where the Sun is radiating and the Earth an oblate spheroid, is studied for halo orbits. We have improved the fourth order equations obtained by (Tiwary and Kushvah 2015) using Lindstedt-Poincaré method to fifth order and to obtain halo orbits around L 1 and L 2 . The deviations of the orbits around L 1 and L 2 obtained from fourth order and fifth order equations are shown graphically. The variations in position and time of halo orbits around L 1 and L 2 due to radiation pressure and oblateness are studied. It is found that the halo orbits around L 1 shift towards the source of radiation (Sun) as the radiation pressure and oblateness increase. However, the time period of halo orbits around L 1 increases with the increase in radiation pressure but decreases with the increase in the oblateness. Halo orbits around L 2 approaches the source of radiation with increase in the radiation pressure but recedes from the source of radiation due to increase in the oblateness. The period of halo orbits around L 2 decreases with increase in the radiation pressure but increases with increase in oblateness.
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Compliance with Ethical Standards
v 5 = v 51 , when p = 0, 2, v 52 , when p = 1, 3.
γ 8 = γ 81 , when p = 0, 2, γ 82 , when p = 1, 3.
γ 9 = γ 91 , when p = 0, 2, γ 92 , when p = 1, 3.
β 9 = β 91 , when p = 0, 2, β 92 , when p = 1, 3.
β 10 = β 101 , when p = 0, 2, β 102 , when p = 1, 3.
δ 80 , when p = 0, δ 81 , when p = 1, δ 82 , when p = 2, δ 83 , when p = 3.
δ 90 , when p = 0, δ 91 , when p = 1, δ 92 , when p = 2, δ 93 , when p = 3.
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